We discuss some of the localization issues associated with the embedding of Robertson-Walker type Randall-Sundrum branes in a bulk AdS 5 . Specifically, we show that of the branes which are embeddable in AdS 5 the geometry associated with M 4 and dS 4 branes warps away from the brane while that associated with AdS 4 and RW branes of any spatial 3-curvature antiwarps away from the brane. We discuss the gravitational fluctuations around an M 4 brane and analyze the specific role played by a delta function singularity at the brane. We show how a bulk sine-Gordon scalar field can without any fine-tuning naturally lead to localization of gravity around an M 4 brane.
Recently Randall and Sundrum [1, 2] showed that in the presence of a 5-dimensional anti-de Sitter (AdS 5 ) bulk it is possible for gravity to localize to a lower dimensional brane embedded in it, and that such localization could be achieved even if the bulk extra dimension was infinite. With such an AdS 5 bulk the probability for propagation of gravitational signals can fall off exponentially away from the brane, with an observer on the brane then effectively seeing only 4-dimensional rather than 5-dimensional gravity despite the presence of the infinite extra dimension that the bulk possesses, to thus enable us to be living in a universe with a macroscopically sized fifth dimension. Given such an intriguing possibility it is thus necessary to explore just how general it might be and to ascertain in what way it might even be amenable to experimental testing. In this paper we shall therefore explore these issues.
It is useful to begin first with a discussion of AdS 5 spaces themselves and to subsequently then discuss the embedding of branes (viz. lower dimensional surfaces) in them. AdS 5 is a maximally symmetric 5-space of constant negative curvature −b
2 . As such its Riemann tensor is given by
(here we use A, B = 0, 1, 2, 3, 5 to denote the five bulk coordinates t, x, y, z, w with µ, ν = 0, 1, 2, 3 denoting the ordinary 4-dimensional spacetime coordinates on the brane), so that the 5-dimensional Weyl tensor C ABCD vanishes identically while the 5-dimensional Einstein tensor is given by G AB = −6b 2 g AB . Given Eq. (1) it is possible to construct an explicit form for the metric on the 5-space, with the most convenient one being given by a 4-dimensional Minkowski (M 4 ) sectioning of the 5-space, viz.
(We discuss other possible sectionings below, with each such sectioning then being associated with 4-dimensional surfaces which can in fact be embedded in AdS 5 .) With the fifth coordinate w ranging from −∞ to ∞, the metric of Eq. (2) has two interesting aspects.
First, with the metric falling away from the brane (viz. warping) in the w ≥ 0 region, null geodesic (viz. dt/dw = exp(bw)) signals emitted at w = ∞ will take an infinite amount of time to reach w = 0, with w = ∞ thus being a horizon. However, with the metric rising away from the brane (viz. anti-warping) in the w ≤ 0 region, geodesic signals emitted at w = −∞ will be able to reach w = 0 in the finite time t = 1/b. Consequently new information can come in from the edge of AdS 5 in a finite time, thus making it impossible to unambiguously specify the forward propagation of Cauchy data on an initial spacelike hypersurface. AdS 5 spaces are thus globally non-hyperbolic.
As first suggested by Randall and Sundrum, if we could somehow get rid of the antiwarping region while retaining only the warping one, we would then have localization of the geometry around w = 0. To achieve this Randall and Sundrum therefore suggested to replace Eq. (2) by the w → −w Z 2 invariant metric
a metric which thus warps for both positive and negative w. Operationally, Eq. (3) entails keeping only the w ≥ 0 region of Eq. (2) while replacing the w ≤ 0 region by a copy of the w ≥ 0 region, to give a Z 2 doubling of the w ≥ 0 region. While such a doubling then yields warping for all w, we also note that the removing of the antiwarping region from consideration thus now gives us good Cauchy propagation of initial data as well. The
Randall-Sundrum proposal thus not only achieves localization of the geometry, it also nicely finesses the global non-hyperbolicity problem as well. Moreover, given the modification of Eq. (3), the Riemann tensor now no longer obeys Eq. (1). Rather, it instead evaluates to
and is thus now only a pure AdS 5 metric in the bulk region away from w = 0.
In order to see what is dynamically required to yield Eq. (3) it is convenient to consider a slightly more general metric than it, viz.
a metric whose Weyl tensor still vanishes (since the metric is conformal to flat), but whose Einstein tensor is given by
If we consider f (w) to now be a function of |w|, on noting that d|w|/dw = θ(w) − θ(−w) = 
we thus see that all four of the T 00 , T 11 , T 22 , T 33 components of the energy-momentum tensor must contain a δ(w) term while T 55 must not. We are thus led to introduce a source of energy-momentum at w = 0, and it is thus at w = 0 that we must locate a lower dimensional surface or brane (viz. one which does not contribute to T 55 ), a matter bearing membrane which is thus confined to the w = 0 region. To this end we thus set
and find that with the introduction of bulk and brane cosmological constants
where Λ 5 and λ are both required to be positive, the metric of Eq. (3) then emerges as the exact solution to the Einstein equations provided only that
with the bulk (viz. the w = 0 region) then being found to be the desired AdS 5 with its curvature being given by
As we see, in order to implement the solution we thus need a relationship between Λ 5 and λ, the so-called Randall-Sundrum fine-tuning condition, a condition without which Eq. (3) could not otherwise have been obtained. Having now obtained our desired warping geometry, in order to gain further insight into it we find it very convenient to consider the embedding aspects of the problem.
II. EMBEDDING A BRANE IN A BULK
In order to discuss the embedding of our 4-dimensional universe into a 5-dimensional bulk space with some initially completely general metric g AB , it is particularly convenient [3] to base the analysis on the purely geometric Gauss embedding formula 
contraction of indices in Eq. (12) immediately allows us to relate the 4-and 5-dimensional Einstein tensors according to
where
The geometric content of Eq. (14) is, first, that of the 35 components of C ABCD (viz. the 35 components of the 50 component R ABCD which are independent of G AB ) 10 of them can be determined once the induced metric on the 4-surface is known; and second, that since the left hand side of Eq. (14) only contains derivatives with respect to the four coordinates other than the one in the direction of the embedding normal n A , on the right hand side all derivative terms with respect to this fifth coordinate must mutually cancel each other identically. Thus for instance, for the metric of the form
for normal n A = (0, 0, 0, 0, 1), term by term Eq. (14) yields
i.e. 0 = 0 as is to be expected since (4) G 0 0 vanishes identically in the flat 4-dimensional Minkowski space M 4 . Finally, the dynamical implication of Eq. (14) is that even if G AB is taken to obey the 5-dimensional Einstein equations in the 5-space, the induced 4-dimensional (4) G µν would not in general be expected to obey the standard 4-dimensional ones. Consequently, the dynamical structure of embedded 4-dimensional gravity is in principle different from that of non-embedded gravity, with measurement of (4) G µν , viz. measurement purely within the 4-dimensional world itself, then in principle enabling us to see effects coming from higher dimensions. Equation (14) thus provides a 4-dimensional window on a higher dimensional world.
In order to extend the purely geometric Eq. (14) to the Randall-Sundrum case of interest, we note that once some energy density is placed on the w = 0 surface, there will then be a discontinuity in the extrinsic curvature of the surface as it is crossed from one side to the other. And for the situation in which the Einstein equations hold in the bulk it can be shown very generally that this discontinuity takes the form [4] K µν (w = 0
As such these Israel junction conditions constitute the general relativistic generalization of the discontinuity in a Newtonian gravitational field as a sheet of non-relativistic matter is crossed (viz. the direction of the field is always toward the matter distribution). While there is a discontinuity in the extrinsic curvature it is important to note that there is no such discontinuity in the induced metric itself so that q µν (w = 0 + ) = q µν (w = 0 − ). To implement the Z 2 doubling we now take the 5-space metric to be a function of |w|, and with the extrinsic curvature being related to a first derivative of the normal, K µν (w) then behaves
In the presence of Z 2 doubling we thus obtain
at the brane. Now since, as we noted earlier, (4) G µν involves no derivatives with respect to w (i.e. like q µν it is continuous at the brane), even in the event that we take g AB to be a function of |w|, it follows that (4) G µν cannot acquire any δ(w) term. Consequently, the right hand side of Eq. (14) must also contain no net δ(w) dependent term either. However, given a generic brane matter density
it follows from Eqs. (7) and (8) that as far as the delta function terms are concerned, the Einstein tensor terms in Eq. (14) make a contribution
on the brane. Since the extrinsic curvature terms contain no δ(w) terms (T brane µν is defined as the coefficient δ(w) in Eq. (8)), it then follows that on the brane E µν must contain a discontinuous delta function term of the form [5]
a quantity that need not vanish even if the Weyl tensor vanishes in the bulk.
With the δ(w) terms in Eq. (14) thus taking care of each other, we can now isolate the continuous non δ(w) terms in Eq. (14), and on noting that any product of any two of the components of the extrinsic curvature is itself continuous at the brane
we find that on the brane [3]
and whereĒ µν = [E µν (w = 0 + ) + E µν (w = 0 − )]/2 is the piece of E µν which is continuous at the brane. As such Eq. (22) is the equation obeyed by the Einstein tensor on the brane, and through the presence of theĒ µν and π µν terms we thus see an explicit departure from the standard 4-dimensional Einstein equations associated with a gravitational coupling constant 8πG N = λκ 4 5 /6 [6] . Now while Eq. (22) is completely general and does not require any a priori assumptions regarding the geometry in the bulk, in the event that the bulk is taken to be AdS 5 , the continuous piece of the Weyl tensor will then vanish and we will be able to drop theĒ µν term altogether, to then yield
with the only departure from standard gravity then being through the presence of the term quadratic in the energy density, a term which could potentially be of major concern in the early universe when the energy density is large.
Now even if we start off with an AdS 5 bulk, as soon as we put some additional matter density on the brane, that matter density will immediately set up a new gravitational field in the bulk to not only potentially modify the bulk geometry but to also possibly delocalize gravity as well. To avoid this we must thus only put matter densities on the brane for which Eq. (24) then yields a 4-metric which is embeddable in AdS 5 , i.e. a metric which can be associated with a sectioning of AdS 5 . As we will see below this precisely can occur for de Sitter, anti de Sitter and Robertson-Walker (collectively Robertson-Walker type) branes, viz. those highly symmetric branes of relevance to cosmology. To see how severe a constraint the very structure of the embedding actually imposes, we note that Eqs. (7) and (8) actually admit of the exact solution [9] Λ 5 g AB is thus not sufficient to force the bulk Weyl tensor to vanish, and thus not sufficient to ensure that the bulk be AdS 5 . Finally, we also note that since we cannot embed the Schwarzschild metric in AdS 5 , if we therefore consider a general fluctuation due to the addition of a static mass source to a background brane whose geometry does embed in AdS 5 , we will find that in general the fluctuation will generate a non-zero contribution to the Weyl tensor, to thus potentially not only modify the geometry in the bulk but to also induce a Weyl tensor contribution on the brane as well. As we thus see, even in the event that the background Eq. (24) is of the form of the standard 4-dimensional Einstein equations (i.e. cases in which the π µν term is negligible), nonetheless the brane fluctuations around such a background will not in fact be standard [10] . (Moreover, according to Eq. (14) fluctuations in K µν are also able to contribute to the fluctuations in the brane (4) G µν .) While we shall return to a discussion of the structure of the associated fluctuation equation below, we turn first to a discussion of brane backgrounds which are in fact embeddable in AdS 5 .
III. EMBEDDING OF ROBERTSON-WALKER BRANES IN AdS 5
For metrics which are maximally 4-symmetric in the ordinary spacetime coordinates (viz. metrics for which (4) G µν = Λ 4 q µν ) the most general possible 5-dimensional metrics take the form
and
metrics which respectively correspond to dS 4 and AdS 4 sectionings of an otherwise initially general 5-space. Since both of these 5-dimensional metrics just happen to be conformal to flat for any f (w), requiring their Einstein tensors to obey
will then actually force the associated bulks to be AdS 5 , with both the dS 4 and AdS 4 branes thus being embeddable in AdS 5 . Moreover, given the explicit form of the brane energymomentum tensor in Eq. (28) the f (w) coefficients are completely determined. Thus for the dS 4 brane embedded in AdS 5 we find that [11, 12] 
where sinh σ = b/H, while for the AdS 4 brane embedded in AdS 5 we find that [11] 
where cosh σ = b/H. Additionally, on the brane the residual cosmological constant is given by Λ 4 = 3H 2 in the dS 4 case and by Λ 4 = −3H 2 in the AdS 4 case. Thus we see that when the Randall-Sundrum fine tuning Λ 4 = 0 condition is not obeyed the brane becomes either de Sitter or anti de Sitter depending on the relative strengths of the input bulk and brane cosmological constants.
As brane theories both of these two metrics grow exponentially as |w| → ∞ and at first sight each would appear to be of the non-localizing anti-warping type. However the dS 4 brane metric has a horizon at b|w| = σ beyond which null geodesics can never reach the brane. Since the function sinh 2 (b|w|−σ) falls all the way to this horizon gravity actually does localize [13] in the dS 4 brane case. For the AdS 4 brane case, while there is no such horizon (cosh 2 (b|w| −σ) never vanishes), nonetheless the function cosh 2 (b|w| −σ) does initially begin to fall before eventually turning round at |w| = σ/b and then begin to rise. Consequently, for small enough H (viz. large σ) the horizon will be far away from the brane and the low energy fluctuations will be quite close to the localizing ones associated with the H = 0 M 4
Minkowski brane, to thus give an approximate or effective localization of low energy gravity on the brane [14] . In this sense then localization of gravity can be associated with both the dS 4 and AdS 4 brane cases, though for large H none of the above reasoning would apply in the AdS 4 case and and its localization would be lost. (For further analysis of these two cases see also [15] .)
For maximally 3-symmetric RW branes [viz. branes with metrics which obey Eq. (24) with τ µν = (ρ m + p m )U µ U ν + p m q µν ] their embedding in an arbitrary 5-space yields as the most general 5-space metric
However, unlike the previous dS 4 and AdS 4 brane cases, this time the 5-space metric is not automatically conformal to flat. In fact 10 of the components of the Weyl tensor do not necessarily vanish (the 6 C µνµν with µ = ν and the 4 C µ5µ5 ), with all of them being found to be proportional to
Consequently this time imposing the Einstein equations is not sufficient to make the bulk be AdS 5 . Rather one must also require the Weyl tensor to vanish. Explicit calculation [16, 17] then shows that this can be done, so that maximally 3-symmetric RW metrics can indeed be embedded in AdS 5 . However, while it can be done, in the static RW brane case it can only be done at a price, namely there has to be a new fine-tuning relation between the matter fields of the theory. Since the discussion is different in the static and non-static cases we shall discuss the two cases separately.
For the static case first, on solving the 5-dimensional Einstein equations and on setting the bulk Weyl tensor to zero, we find [16, 17] that the fine-tuning condition
is required of the matter fields [18] . On setting ν = (−2κ
is given in the k = +1 case by [16, 17] 
where coth(ν w 0 /2) = κ 2 5 (λ + ρ m )/3ν, and in the k = −1 case by [16, 17] 
where tanh(νw 0 /2) = κ 2 5 (λ + ρ m )/3ν. With each of these metrics having forms which are hybrids of both of the dS 4 and AdS 4 brane case metrics which we presented above, and with both of them antiwarping far from the brane, whether or not they might lead to localization of gravity is not at all apparent. While a Karch-Randall type analysis [14] has yet to be applied to either of these two metrics, we note that localization would at least appear possible in the k = −1 case since this metric has a horizon at |w| = w 0 , with both the f (w) and e 2 (w)/f (w) coefficients warping all the way to it.
In the time dependent case the AdS 5 embedded solution is found to take the form [17] 
where the time dependent quantities a(t) and τ (t) are fixed by the relevant Israel junction
with Eq. (37) itself entailing the standard covariant conservation condition
With a resetting of the time according to
the metric then takes the convenient form
with the induced metric at w = 0 now being a standard comoving RW one. For a perfect fluid source the Einstein tensor on the brane is given by
with a specification of an equation of state for the fluid then enabling us to determine a(t), with τ (t) then being obtainable from Eq. (37) [19] . The metric of Eq. (40) thus describes the most general possible embedding of a comoving RW brane of arbitrary spatial 3-curvature k in an AdS 5 bulk [20] , and with its dependence on w being so similar to that found in the static RW case, its localization status would appear to be comparable.
IV. THE GRAVITATIONAL FLUCTUATIONS ON AN M 4 BRANE
If a small perturbative source S AB is added to the background geometry associated with Eq. (7), this will induce a small change δg AB = h AB in the background metric g AB and lead
to the fluctuation equation
with the associated gravitational fluctuation modes then being given as the solutions to ∆G AB = 0. Evaluation of Eq. (42) for fluctuations around an M 4 brane is greatly facilitated by working in the 10 condition Randall-Sundrum gauge
since ∆G 5A is found to vanish identically in this gauge, with the ordinary space-time components of ∆G AB being found to be given by the very compact equation [1, 2]
an equation which is conveniently diagonal in the µ, ν indices. In terms of the mixed components h µ ν = g µα h αν = exp(2b|w|)h µν Eq. (44) may be rewritten as 
where we use φ(|w|) to denote each h µ ν (|w|) component. Additionally, the allowed modes need to be properly orthonormalized. Recalling that the covariant scalar product
with timelike normal n A and spacelike hypersurface dΣ provides a time independent norm for any modes φ 1 and φ 2 which obey the curved space Klein-Gordon equation, we see that Eq.
(48) is precisely the requisite scalar product for the mixed modes h µ ν , with their finiteness thus requiring [15] 
Modes which obey all of Eqs. (46), (47) and (49) 
and normalization N = b 1/2 , together with a massive continuum of modes which begins at m = 0 with wave functions
and normalization factor [15, 21] 
With the fluctuation modes h µν being related to the mixed modes via h µν = exp(−2b|w|)h µ ν , we thus see that for all the allowed modes each associated wave function h µν falls off exponentially fast far way from the brane, with localization of the geometry to the brane thus entailing localization of gravity to the brane as well. Given the mode basis the retarded propagator associated with the h µν modes is readily calculable [21, 22] , and can be written in the convenient form [15] G(x, x ′ , w, w
where 
we see that the massless graviton yields the conventional 1/r potential on the brane with Newtonian coupling 8πG N = κ Since (4) G µν is associated with the induced metric on the brane, and since it transforms as a rank two tensor with respect to the background geometry, we can calculate the change ∆ (4) G µν due to the change δq µν = h µν in the induced metric using standard tensor calculus techniques. In the h µ µ = 0, h µν ;ν = 0 gauge of interest explicit calculation then shows that
, so that Eq. (44) may be rewritten as
On Taylor expanding h µν (|w|) = a 
so that even while S µν contains a δ(w) term, the equation involving ∆ 
which we recognize as being of the form of Eq. (55) with κ Having now explored the structure of the Randall-Sundrum set-up, we now briefly discuss how such a set-up could be achieved dynamically; and shall thus explore the dynamics associated with the coupling of gravity to a bulk sine-Gordon scalar field (a model also considered in [23] ), and show [24] how it naturally leads to Randall-Sundrum localization of gravity without any need for fine-tuning. 
Here e f (w) peaks at w = 0 while warping away from it, with the solution thus representing a thick domain wall supported by a soliton. Moreover, without assuming any input Z 2 symmetry, in the solution the output domain wall nonetheless has acquired one from the underlying symmetry structure which solitons intrinsically possess. Given the solution, if we now take the limit A → 0, β → ∞ with A 2 β held fixed, we find that [24] e f (w) → e −(−Λ 5 κ 2 5 /6) 1/2 |w| (62) which is precisely of the Randall-Sundrum form. Here Λ 5 = −κ 2 5 A 4 β 2 /24 is the minimum value of V (φ). In this same limit we find that the scalar field energy density T 00 develops a λδ(w) component where λ = A 2 β/2, and thus on comparing terms we naturally recover [24] the Randall-Sundrum 6Λ 5 + κ [1] Randall L., and Sundrum R., Phys. Rev. Lett. 83, 3370 (1999).
